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Abstract 

Wc propose a unified structural credit risk model incorporating insolvency, recov- 
ery and rollover risks. The firm finances itself mainly by issuing short- and long-term 
debt. Short-term debt can have either a discrete or a more realistic staggered tenor 
structure. We show that a unique threshold strategy (i.e., a bank run barrier) exists 
for short-term creditors to decide when to withdraw their funding, and this strategy 
is closely related to the solution of a non-standard optimal stopping time problem 
with control constraints. We decompose the total credit risk into an insolvency com- 
ponent and an illiquidity component based on such an endogenous bank run barrier 
together with an exogenous insolvency barrier. 

Key words: Structural credit risk model, bank run, rollover risk, first passage time, 
optimal stopping time 
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1 Introduction 



The recent financial crisis has dramatically shown that financial markets are not 
ideal. In particular, refinancing in periods of financial distress can be extremely costly 



or even i mpossible due to 



ample by 



li quidi t y dry ing u p in the market. It 



Adrian and Shinl (|2008l . 



2010) and 



ras been shown, for ex- 



Brunnermeierl (|2009l ). that the heavy use of 



short-term debt was a key contributing factor to the credit crunch of 2007/2008. Finan- 
cial institutions, however, often prefer sh ort-term debt financin g as it is cheaper than 



long-term debt. Moreover, as argued by 



He and XioneJ (|2012bl ). short-term debt can 



also be regarded as a disciplinary device for firms and can be used to mitigate adverse 
selection problems and reduce the cost of auditing firms. Hence, several reasons support 
the use of short-term financing. However, most of the existing credit risk models do not 
take into account the rollover risk inherent in short-term debt financing. It is the aim 
of this paper to provide a unified framework that incorporates rollover risk, as well as 
insolvency and recovery risks, into structural credit risk modeling. 



T 



Mertonl (|1974l ) and 



Black and Cox 



re structural credit risk models were initiated by 
(|1976I ). In these models, the default happens if the firm fundamental falls below some 
exogenous default barrier. The crucial assumption is the exogenously given default bar- 
rier that often relates to the firm's debt level. Most of the existing work on structural 
credit risk modeling focuses o n ho w to model such an exogeno us default barrier, as in 



Longstaff and Schwarta (j 19951 ) and 



Brivs and de Varennd ( 19971 ). among others_J. In the 



1 Optimal capital structural models a r e regarded as the second generation of s tructural credit risk 



LclaiK 



( 1994 



19981). and 



Leland and Toftl (|1996l 'l. Therein the firm 



models, which were initiated by 
defaults when i ts equity value drops t o zero, and the default barrier is determined endogenously by its 



equity holders. 



He and Xiong 



(|2012aT ) extends this framework by including an illiquid debt market. 
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following we will call this exogenous default barrier the insolvency barrier. In this paper 
we further determine an endogenous threshold value at which short-term creditors decide 
to withdraw their funding, i.e., to run on the bank, and we will call this barrier the bank 
run barrier. There is a third barrier, called the illiquidity barrier, which represents the 
critical value when the financial institution is unable to pay off its creditors in case of a 
bank run, and which is determined endogenously from the bank run barrier. In addition, 
we show that the bank run barrier always dominates the illiquidity barrier, which in turn 
dominates the insolvency barrier. This relationship among all three barriers not only 
helps to decompose the total credit risk into an insolvency component and an illiquidity 
component, but also illustrates the phenomenon that most financial institutions have 
defaulted due to illiquidity rather than to insolvency in the recent credit crunch. 



Our first contribution is the provision of a rigorous formulation for a class of structural 
credit risk models that study bank runs. The classical bank run model of[l 



Diamond and Dvbvig 



(j 19831 ) features a static setting where all the depositors simultaneously decide whether or 



not to with draw their demand depo s its fro m a solvent but illiquid bank. 



Ericsson and Renault 



(j2006h and 



Goldstein and Pauznerl (|2005l ) provide further extensions that are, however, 



still in the static setting. In this paper, we conside r bank runs from a dyn amic view- 



Morris and Shinl (|2010l ) focuses on 



point. The dynamic bank run model introduced by 
a two-period setting where short-te rm creditors face a binary decision in terms of global 
games at an interim time point. 



Liang et al 



(|2012j) provide a structural credit risk 



model that also takes liquidity risk into account, as short-term creditors can decide at a 
finite number of decision dates whether to roll over or to withdraw their funding. They 
derive a bank run barrier based on the comparison of binary strategies for a represen- 
tative short-term creditor. Technically, the generalization from the two-period setting 
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of 



Morris and Shin! (|2010l ) towards the multi-peri od setting o ' 



Liang et al 



!iang et al 



(|2012h relies 



2012 1 the DPP was only 



on the dynamic programming principle (DPP). In 
applied informally by comparing the expected returns for the two investment options 
of creditors at the rollover dates. In this paper, by introducing an appropriate value 
function for a representative short-term creditor, which describes the discounted ex- 
pected return over the remaining rollover periods and is calculated based on the DPP, 
we derive the unique threshold strategy, i.e., the bank run barrier. The representative 
creditor decides to withdraw her fundin g if the firm ' s fund amental falls below this bar- 



rier at any decision date. In contrast to 



Liang et al 



(|2012l ). the corresponding dynamic 



programming equations presented in this paper are more generic and transparent, which 
in particular allows us to introduce flexible debt maturity structures into our model. 



The second contribution of this paper is the imbedding o f flexible debt tenor struc- 



tures into structural credit risk models. In 



Liang et al 



(|2012l ) a discrete tenor structure 



is assumed such that the rollover dates of short-term debt are given by a sequence of de- 
terministic numbers. This implies that all short-term debt expires and can be rolled over 
at the same time. The problem is therefore equivalent to a one-creditor problem. In re- 
ality, however, firms typically stagger the maturities for short-term debt to finance their 
long-term risky assets. Rollover risk is partially reduced in this way as at each maturity 
date only a fraction of total debt is due. Nevertheless, due to the maturity mismatch 
between the assets and the liabilities sides, the firm is still exposed to significant liq- 



struct ure. T he latter was first intr o duced by 



imw, with 



Leland 


(1994, 


1998 


), and 



Leland and Toft 



Hilberink and Rogers! (|2002l ) providing further technical details. The main 



idea is to assume a random duration of debt in order to reflect the maturity mismatch. 
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Recently, iHe and Xiond (|2012bl ) applied the staggered maturity structure to the bank 
run literature where debt maturities are modelled as arrival times of a Poisson process, 
whose intensity can then be interpreted as the inverse of average debt duration. In this 
paper, we utilize a more general and flexible Cox process to model the staggered tenor 
structure. The economic intuition of using the Cox maturity structure is that the av- 
erage duration of the short-term debt which a firm issues should fluctuate and depend 
on some economic factors such as the firm fundamental or even the underlying systemic 



risk from the market. 



The third contribution of this paper is that it answers the question whether the rep- 
resentative short-term creditor's rollover decision is indeed opti mal. This ques t ion als o 



arises in the exis t ing dy nami c bank run models such as those in 



Morris and Shinl (120101 ). and 



Liang et al 



He and XioneJ (I2012bh 



(|2012l ). but has so far not been answered. In 



both the discrete and the staggered tenor structures, we show that the decision prob- 
lem of the representative short-term creditor is equivalent to a non-standard optimal 
stopping time problem with control constraints. At each rollover date the representative 
creditor faces the risk that the firm may fail due to a bank run. If the firm survives, the 
creditor can then decide whether to withdraw her funding (stop) or to roll over her con- 
tract (continue). If the firm fails due to other creditors' runs, the representative creditor 
is forced to stop and face the recovery risk from bankruptcy. Therefore, the decision 
time for the representative creditor must exclude the default time due to bank runs. For 
the case of the staggered tenor structure, since the maturity dates are the arrival times 
of a Cox process, the representative creditor is only allowed to stop (i.e., to withdraw 
her funding) at a sequence of Cox arrival times rather than at any stopping time. In 
the literature, such kind of optimal stopping at Poisson-type arrival times has been used 
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to solve the standard optimal stopping time problem by iKrvlovl (|2008l ) as the so-called 
randomized stopping time technique. 



Finally, our fourth contribution is the incorporation of possible feedback effects of 
the bank run barrier on the representative creditor's beliefs about the behavior of other 



creditors. In 



Morris and Shinl (|20ld ) and 



Liang et al. 



(|2012l ) the beliefs are modeled 



exogenously. The creditor is assumed to believe that the proportion of creditors not 
rolling over their debt is uniformly distributed. Using global games theory this assump- 
tion implies a partial equilibrium in our model. In this paper, by taking into account 
the possibility that the creditor might update her beliefs about the behavior of other 
creditors based on the derived bank run barrier, our endogenous bank run barrier can 
be interpreted general equilibrium. 



The paper is organized as follows. Section [2] describes the assumptions on the firm's 
capital structure and explains the rollover decision of short-term creditors in the bench- 
mark model. We also present the rigorous formulation of the rollover decision problem 
in terms of dynamic programming equations. In section [3] we use the creditor's value 
function derived in the dynamic programming equations to determine the short-term 
creditor's bank run barrier as well as the firm's illiquidity barrier in case of both the dis- 
crete and the staggered debt structures. We reformulate the creditor's decision problem 
in terms of the associated optimal stochastic control problem in section HI Further- 
more, we derive an endogenous bank run barrier and illiquidity default time in section [5l 
where we take into account the fact that the creditor might update her beliefs about the 
behavior of other creditors. Section [6] summarizes the related literature and concludes. 
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2 Benchmark Model 



In this section, we propose a bank run model that incorporates rollover risk into the 
structural credit risk framework. 

2.1 Capital Structure of a Financial Institution 

Consider a financial market defined over a complete probability space (fi, Q, P), which 
supports a standard Brownian motion (Wt)t>o with its natural filtration {Ft} after 
augmentation. 

The market interest rate r is assumed to be constant. In this market, consider a 
financial institution, which we call a firm hereafter, whose fundamental value of assets 
follows 

^ = rydt + adW t , 
Vt 

with constant volatility a > 0. The constant ry denotes the expected return on the 
firm's risky assets. We assume that the firm fundamental is publicly observable. 

The firm finances its asset holdings in the duration [0, T] by issuing short-term debt, 
such as asset-backed commercial papers and overnight repos, long-term debt such as 
corporate bonds, and equities and others. At initiation time To = an amount Lq is 
invested long-term at rate tl until fixed maturity T > 0. Moreover, an amount So is 
invested short-term at rate rg until maturity T\. When short-term debt matures it can 
be successively rolled over until the next rollover date. This produces a sequence of 
maturity dates (or rollover dates) = To < T\ < ■ ■ ■ < = oo for short-term debt. 
For the moment, we do not impose any structural conditions on the short-term debt 
maturities {T n } n >i. They could be either deterministic or random. Table [T] shows the 
stylized balance sheet of the firm. 
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Table 1: Balance sheet of the firm at time t 



Assets Liabilities 
Firm's assets Vt Short-term debt St 
Long-term debt L t 
Equities and others E t 
V S t +L t + E t 



If there is no default, the value of short-term debt follows 

dS t = r s S t dt, 
and the value of long-term debt follows 

dL t = r L L t dt. 

The ratio of long-term debt over short-term debt L t / St is denoted by It and follows 

dk = {tl ~ r s )kdt. 

Moreover, we introduce a process Xt as the ratio of the firm's asset value over the 
short-term debt value X t = Vt/St- Hence, X t follows 

^T = (rv- r s )dt + adW t . 

Short-term creditors have the opportunity to withdraw their funding at the rollover 
dates. When the firm is under distress or when an outside investment opportunity is 
more attractive they will make use of this option. Long-term creditors, however, are 
locked in once they lend money to the firm. They are exposed to a higher risk, and 
therefore, should also be rewarded with a higher interest rate. Moreover, since creditors 

9 



are exposed to the firm's default risk, a risk premium should be paid on top of the market 
interest rate. We have the following assumption on different interest rates. 



Assumption 2.1 The long-term interest rate ri is strictly greater than the short-term 
interest rate rs, while the latter is strictly greater than the market interest rate r, i.e., 
we assume tl > r$ > r. 

2.2 The Rollover Decision of a Representative Short-Term Creditor 

Short-term creditors choose whether to renew their contracts when these expire, that 
is, they need to decide whether to roll over or to withdraw their funding (i.e., to run) at 
the maturity times. 

Consider the decision problem of a representative short-term creditor. Her beliefs on 
whether or not the firm will survive from bank runs at each of the rollover dates T n is 
certainly one of the key factors to determine her rollover decision. Assume the creditor 
believes that the proportion of short-term creditors not rolling over their funding at 
each of the rollover dates T n is uniformly distributed on the interval [0, 1] . The firm will 
survive bank runs if the proportion not rolling over their funding is less than 

9{X Tn ) = min |l, ^ j = min{l, ^X T J, 

where the constant ip denotes the fire-sale ratqj. Due to the uniform distribution as- 
sumption, the creditor will expect this to occur with the probability 9(Xt„), which is 
called the survival probability of bank runs. This assumption on the survival probability 



2 The constant tp is the fire-sale rate of the firm fundamental when the firm is in a distress state, so 
it represents the amount that can be borrowed by pledging one unit of the risky asset as collateral. For 
a detail ed discussion of ho w to endogenously determine the fire-sale rate by the leverage of the firm, we 
refer to lLiang et all (|2012h . 
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of bank runs can be justified by arguments from 



global games th e ory e ven with un 



Morris and Shinl (|2010l ). If the firm 



observable firm fundamental for which we refer to 
survives a bank run at maturity T n with probability 9(Xt h ), the creditor then faces two 
choices: either roll over her funding to the next maturity T n+ \ or withdraw her funding. 

The second key factor to determine the representative short-term creditor's rollover 
decision is the insolvency risk stemming from the deterioration of the firm fundamental. 
To include this f actor , we follow the classic first-passage-time framework (see for example 



Black and Coxl (|1976l )) by assuming an exogenously given insolvency barrier 



D 



Ins 



s t p{i 



where ft : (0, oo) — > (0, oo) is a safety covenant function of the ratio It = Lt/ St- As long 
as the asset value Vt at any time t is greater than or equal to the total value of debt 
St + L t , the firm can be considered solvent. Hence, it is natural to assume that 



ft(k) < (l + *t) 



(2.1) 



such that 



D( ns = StP(h) < S t (l + k) = S t + L t . 



The bankruptcy time due to insolvency is then given by the following first-passage-time 



T Ins = mf{t >0:V t < Dl ns } = mi{t > : X t < /3(lt)}- 



-\In 



The third key factor for the representative short-term creditor's rollover decision is 
the recovery rate when the firm defaults due to either bank runs or insolvency. If the 
firm defaults at some time t € [0,T], the firm is exposed to certain bankruptcy costs. 
Suppose these are proportional to the firm fundamental value and that aVt is the firm 
value after having paid the bankruptcy costs for a € (0, 1). Then, the value aVt will 
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be divided among all the creditors, so the representative short-term creditor obtains the 
proportion of her funding and she gets at most her debt value back. Thus, we define the 
recovery rate as 

Note that in case of a default due to a bank run, it can happen that the asset value 
is larger than St + £*. Therefore, we have to cut off the recovery rate by 1. However, 
if the firm defaults due to insolvency at the first-passage-time r Ins , the asset value by 
definition equals the insolvency barrier D 1 ^ . In this case the recovery rate equals 

aD^L aP(l T ins) 

K T Ins — — 

iDrj-Ins \ ±J^-Ins X ~\~ v~-Ins 

which is less than 1 by condition (|2.ip for any a 6 (0, 1). 

We assume that rollover decisions are solely determined by the aforementioned fac- 
tors, which we summarize as follows. 

Assumption 2.2 The following three factors determine the rollover decision of a rep- 
resentative short-term creditor. 

(i) Rollover risk is reflected by the representative short-term creditor's beliefs about 
the survival probability from bank runs 6{XT n )- 

(ii) Insolvency risk is reflected by the first-passage-time t Ius when the firm's asset value 
falls below the insolvency barrier Dj ns . 

(Hi) Recovery risk is reflected by the fraction Rt of funding that the representative short- 
term creditor obtains in case of a default at time t. 

We further impose the following condition on the safety covenant function for tech- 
nical convenience. 
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Assumption 2.3 The safety covenant function /3(lt) in the definition of the insolvency 
barrier D^ ns has the linear form j3{lt) = Ph for some positive constant ft < (1/lt + 1). 

2.3 Dynamic Programming Equations 

In this section we derive dynamic programming equations for the short-term cred- 
itor's rollover problem. We consider a representative short-term creditor who invests 
an amount normalized to 1 monetary unit at time t 6 [0, T]. Her discounted expected 
return over the remaining time period (i,T] is described by the value function U(t,x) 
and depends on the current ratio Xt = x of asset value over short-term debt value. Here 
we discount at the market rate r. To investigate the creditor's value function we go 
backwards in time starting with her last rollover date prior to terminal time T. Suppose 
that her iV th rollover date is the closest one prior to the maturity T of long-term debt, 
that is, T/v < T and Tv + i > T. 

At the terminal time T, the representative short-term creditor faces the insolvency 
risk that the firm may not pay back her funding, and her value function at the terminal 
time it' 1 * 



During the last time period (T/v, T), all the creditors are locked in, so there is no rollover 
risk, and the representative short-term creditor only faces the insolvency risk with the 
associated recovery risk. Her value function for t € (T/v , T) is 



3 The probability of the insolvency time r Ins equal to the terminal time T is zero, so at the terminal 
time T the firm only faces the insolvency stemming from the final workout of the firm's risky project. 
For this reason the recovery rate R at time T is redefined as Rt = min{f , Xt/(1 + It)}- 




(2.3) 





(2.4) 
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where the first term in the bracket captures the insolvency risk from the firm fundamental 
falling below the insolvency barrier D\ ns during the time period (t,T), and the second 
term captures the insolvency risk from the final workout of the firm's risky project at 
time T. 

To determine the value function at t = T/v we take a closer look at the rollover 
decision problem. At the rollover date Tjv, if the firm survives from a bank run, the rep- 
resentative short-term creditor will compare the expected return from rolling over her 
funding with the expected market return, and will choose whatever results in a higher 
return for her. If the firm defaults due to a bank run, she will receive the recovery 
value Rt n m any case, regardless of whether she decides to roll over her funding or not. 
Hence, the current rollover risk at rollover date T/v will not influence her rollover deci- 
sion. Therefore, the value function given in equation (|2.4|) also describes her discounted 
expected return at time t = T/v for the remaining time period (Tjv,T). 

In general, during the time period [T n ,T n+ i) for n = 0, 1, . . . , N — 1, the represen- 
tative short-term creditor is exposed not only to the insolvency risk arising from the 
deterioration of the firm fundamental in the period [Tw,T n +i) but also to the rollover 
risk caused by other creditors' rollover decisions at time T n+ \. Table [2] summarizes her 
payoff at maturity T n+ i. 



Table 2: Representative creditor's aggregate payoff from T n to T n+ i 



Decision 


Solvency in [T n ,T n+1 ] 


Solvency in 


[T n , T n+ {\ 


Insolvency 


in 


[Tn, T n +i] 


at T n +i 


and not successful run at T n+ i 


but successful 


run at T n +i 








Run 


e r s (T n+1 -T n ) . 1 


e r S (T„ +1 -T r 




e rs{r Ins - 


-T, 




Rollover 


e^ T ^- T ^-U(T n+1 ,X Tn+1 ) 


e r s (T n + 1 -T r 




e rs{r InB - 


-T, 
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At maturity T n+ \ if there is no default, the representative short-term creditor ei- 
ther withdraws her funding to get e rs ^ Tn+1 ~ T "^ ■ 1 or renews her contract to receive 
e rs(T n +i-T n ) . jj(T n +i,XT n+1 )- If the firm defaults due to a bank run at time T n +i, the 
creditor just gets the fraction Rt„ +1 of her funding e rs ^ Tn+1 ~ Tn ^ back. Since the creditor 
believes that the firm survives a bank run at time T n+ \ with probability 6(Xt u+1 ), her 
discounted expected return at time t 6 [T n ,T n+ i) over the remaining time period [t,T] 
can be described by the following value function 

U(t,x) = E? {l {t ^ Tlns<Tn+l} e^-r)(r^-t) RTlns + ^^^(rs-rKT^-t). 

■ [e(X Tn+1 )max{l,U(Tn+i,X Tn+1 )} + (1 - e(X Tn+1 ))R Tn+1 ] } . (2.5) 

The first term on the right hand side captures the insolvency risk within the time period 
[t, T n _|_i), whereas the second term captures the rollover risk at time T n+ \ as well as the 
insolvency and rollover risks in [T n _|_i,T]. 

The dynamic programming equations (|2.4|) and (|2.5p for the value function U (t, x) are 
the key drivers to determine the bank run barrier in our model, which will be discussed 
later. By the Feynman-Kac formula, we have the following partial differential equation 
(PDE) representation for the value function U(t,x). 

Proposition 2.1 Suppose A ssumptions \2.i\\ 2. £1 and \2.3\ are satisfied. Forn = 0, 1, . . . , iV- 

1, let W n (t, x) be the unique solution to the following PDE Dirichlet problem on [T n , T n+ i] x 



c)\\„ 

dt 



+ CW n + (r s - r)W n = 



W n (t,pl t ) = apl t /(l + l t ) 

W n (T n+ i,x) = 6»(x)max{l, W n+ i(T n+1 ,x)} 
+(l-e(x))ax/(l + l Tn+1 ), 



(2.6) 
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and for n = N , let Wj^(t, x) be the unique solution to the following Dirichlet problem on 
[T N ,T] x [/3l t , oo) 

9W_n + CWn + fa _ t } Wn = o 



dt 



(2.7) 



W N (t,Pk) = aPk/(l + k) 

W N (T,x) =min{l,x/(l + / T )}, 
where C is the infinitesimal generator for the ratio process X given by 

C =2 aX dx-* +{rv - rs)x dx- 
Then the value function U(t,x) is given by concatenating W n (t,x) together 

U(t,x) = W n (t,x) for t G [T n ,T n+1 ). 

Based on the Green's function technique, we further have the following analytical 
representation for the value function U(t,x) where x = x/(plt)- 

Proposition 2.2 (Green's Representation) For n = 0, 1, . . . , N, denote P n and <3? n re- 
spectively as the boundary condition and the terminal condition of the corresponding PDE 
for the value function U(t,x) on [T n ,T n+1 ), where T/v+i = T for convenience. Then 



U(t,x) 



1 



T, 



n+l 







P n (0<&(t,x;T n+1 ,Od£ + -o- 2 \ Mv)g? {fG(t,x;ri,0}\ i=1 dn 



(2- 



on [T n ,T n+ \), where G(t,x;r],£) is the Green's function for the operator L v defined as 

9 1 2 _2 d 2 . , _ d . . 

c =m + 2 ax d^ + {rv - rL)x ^ + {rs - r) 



on the domain [T n ,T n+ i] x [l,oo) given by 



e (r s -r)(T n+1 -t) 
G(t,x;T n+1 ,£) = y= = = exp ^ 



logf + (r V -r L -\a 2 ) (T n+1 - t 



£o-y/2n(T n+1 -t 

{2 log j log x 
a 2 (T n+l -t) 



2a 2 (T n+1 -t) 



16 



Proof. See Appendix lA.li ■ 



3 Bank Run and Illiquidity Barrier 

In this section, we use the value function U(t, x) in the dynamic programming equa- 
tions (|2,4p and (|2.5[) to determine the bank run barrier as well as the illiquidity barrier 
for the representative short-term creditor. Our main objective is to show the monotone 
relationship among the bank run barrier, the illiquidity barrier, and the exogenously 
given insolvency barrier. 



3.1 Discrete Tenor Structure 



In this subsection, we extend the main results in iLiang et al.1 (|2012l ) to our general 



setup. 



Liang et al 



(|2012j ) show that there exists a threshold, called the bank run barrier, 
such that the representative short-term creditor will withdraw her funding whenever the 
firm fundamental falls below this barrier at a rollover date. The bank run barrier is only 
a finite sequence of numbers, since the creditor only has a finite number of rollover dates 
to decide whether to run or not. In our general setting we define the bank run barrier 
D^ n for any n = 0,1,..., N as the critical asset value such that the representative 
short-term creditor is indifferent in terms of running or rolling over her debt, i.e., it is 
defined via the unique value x^ such that 1 = U(T n ,x?p n ) in the maximum term in 
dynamic programming equation (|2.5p . The bank run barrier D^ n is then determined 
by 

D% n = x* Tn S Tn = x* Tn S e rsT ", forn = 0,1, . . . ,N. 

In the following, we show that such a bank run barrier always dominates the insol- 
vency barrier. Note that the value function U (i, x) is obviously increasing with respect 
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to x, and when the firm goes bankrupt due to insolvency at a rollover date T n = r , 
the value function is 

U(T n ,f3l Tn ) = R Tn = a /3l T J(l + l Tn ). 

Due to Assumption 12.31 we have (3 < (l/lr n + 1) so that Rt u = af3lT n /(l + It„) < 1- 
Hence we have filT n < Xt since U(T n , xl^ ) = 1. This means the insolvency barrier D\ ns 
at any rollover date t = T n is dominated by the bank run 
n = 0, 1, . . . , N. Note that this dominance always holds in 
recovery rate Rt is assumed to be zero therein. 

A bank run does not necessarily trigger a default, for example in the case where the 
firm can raise enough funding to pay off all its creditors. We assume that in case of a 
bank run the firm has the option to issue collateralized debt by pledging its assets as 
collateral. The collateral value of the assets is expressed in terms of the fire-sale price 
t/>Vt„ for i/i G (0,1), such that the funds that can be raised in this way are at most ipVr n 
at rollover date T n . If ipVr n > St„ + Lt„ the firm can raise enough funds to pay off all 
its creditors, and a potential bank run at time T n would not lead to a default. Motivated 
by this observation we introduce a third barrier, which we call an illiquidity barrier and 
which is denoted by D™ in the following. As an illiquidity default only occurs if there 
is a bank run and the firm is not able to raise enough funds to pay off its creditors, the 
illiquidity barrier is naturally defined as 

D™=mm{D^ n ,(S Tn +L Tn )/ip}, for n = 0, 1, . . . , N. (3.1) 

Again by Assumption 12.31 we have j3 < (l/h + 1) so that /3ltSt < (St + Lt), which means 
the insolvency barrier D\ n& at t = T n is also dominated by the illiquidity barrier, i.e., 
Dl? 8 < Dii 1 for n = 0, 1, . . . , N. 

In summary, we have the following relationship among the three barriers. 
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jarrier, i.e., Dj^f % for 



Liang et al 



(2012), since the 



Theorem 3.1 Suppose that Assumptions [2TJ\ \2.2\. and \2.cH are satisfied. Then at any 
maturity T n , the bank run barrier is no less than the illiquidity barrier, while the latter 
is no less than the insolvency barrier, i.e., 

Dip™ < D™ < D^ n for n = 0,1,..., N. 

Figure [1] illustrates different scenarios in our bank run model with the discrete tenor 
structure for three simulated asset value paths. Here we assume N = 4 rollover dates 
at times t = 2,4, 6, and 8. The dotted line shows the bank run barrier, the dashed line 
the illiquidity barrier, and the dashed-dotted line the insolvency barrier. Note that in 
this discrete setting, the bank run barrier and the illiquidity barrier are not continuous 
functions. They consist only of the marked points. The middle grey asset value path 
falls below the insolvency barrier shortly before t = 4. At the only rollover date prior to 
this time, the asset value is larger than the bank run barrier. Hence, in this simulation 
the firm would have defaulted shortly before t = 4 due to insolvency. The black path 
falls below the illiquidity barrier at the third rollover date at time t = 6. It always stays 
above the insolvency barrier. Thus, in this simulation the firm defaults due to illiquidity 
at time t = 6. Finally, the light grey graph shows a scenario where a bank run occurs at 
the last rollover date at time t = 8. At that time, however, the asset value is still larger 
than the illiquidity barrier, meaning that the firm is able to raise enough funds to pay 
off its creditors. Hence, the firm survives the bank run. 

[Insert Figure Q] here.] 

3.2 Staggered Tenor Structure 



In 



Liang et al 



(|2012l ) it is assumed that short-term debt rollover dates are given by a 



deterministic sequence of numbers and that they are the same for all short-term creditors. 
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This assumption is rather restrictive. The firm is highly exposed to rollover risk in such 
a setting where all short-term funding expires at the same date. In practice, however, 
firms tend to spread out their debt expirations across time to reduce their exposure 



to liquidity ris k. In t 
Among others, iLeland 



l is paper, w e int roduce a more flexible debt maturity structure. 



(1994 



19981 ) and 



Leland and Toftl (|1996l ) introduced the so-called 



staggered maturity structure to capture this fact. The idea is to use the arrival times 
of a Poisson process to model the maturities of short-term debt. In other words, the 
duration of short-term debt T\ — Tq, T2 — T±, . . . has an exponential distribution. While 
the random duration assumption appears different from the standard debt contract with 
a predetermined maturity, it captures the staggered debt maturity structure of a typical 
firm. For the application of such a Poisson maturi t y struc ture in the literature of bank 



runs, we refer to the recent work by 



He and Xiona ( 



2012bh . 



The crucial parameter under the aforementioned Poisson maturity structure frame- 
work is the intensity A. Its inverse 1/A can be interpreted as the average duration of 
short-term debt. In this section, we consider a Cox maturity structure, meaning that the 
maturity of short-term debt follows a more general and flexible Cox process. Recall that 
a Cox process is a generalization of Poisson processes in which the intensity is allowed to 
be random but in such a way that if we condition on a particular realization \t(ui) of the 
intensity, the process becomes an inhomogeneous Poisson process with intensity At(w). 
The economic intuition of using the Cox maturity structure is that the average duration 
of the short-term debt that the firm issues should depend on some time-dependent eco- 
nomic factors such as the firm fundamental V, the ratio X of the firm fundamental over 
the short-term debt, or even some underlying systematic risk factors from the market. 
In the following we therefore assume that the average maturity is a function of the ratio 
process X. 
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We construct the short-term debt maturities {T„} n >i by so-called canonical con- 
struction. Let {E n } n >i be a sequence of independent identically distributed (i.i.d.) 
exponential random variables on some complete probability space (O, J 7 , P), and define 
the enlarged probability space by 

tt = nx&, g = T(g>F, and Q = P<g>P. 

We assume the intensity has the form At = g(Xt), where g : (0, oo) — > (0, oo) is a smooth 
function with compact support. Then the maturities of short-term debt are constructed 
recursively as 



Tq = and T n = inf < t > T n _i : 



f g(X s )ds > E n 1 , forn>l. 



The original Brownian filtration is enlarged by Qt = J-tVHt for t > with Tit = cr({T\ < 
u} : u < t). We summarize the above construction in the following assumption. 

Assumption 3.1 ( Cox maturity structure) The maturities of the short-term debt {T n } n >i 
are the arrival times of a Cox process with intensity g(Xf). 

Under the Cox maturity structure, we still employ the representative short-term cred- 
itor's dynamic programming equations (|2.4p and (|2.5p to determine her value function 
U(t,x). Letting the ratio process start from Xt = x and the short-term debt maturities 
start from To = t, we synthesize the dynamic programming equations (|2.4|) and (|2.5p for 
any t € [0, T) into the following succinct form 

U(t,x) = Ef {l {t < T m s<T} [l {t<Tl<Tlns} e^- r K T ^ [0(X Tl )max{l, U{T x ,Xt,)} + (1 - 9(X Tl ))R Tl ] 

+ 1 {Tl > T In, } e^ S ^ ^ 1,13 "*) R T Ins 



+ 1 



{r Ins >T} 



l{t<T 1 <T } e {rs - r){Tl - t) [9{X Tl )m^{l,U{T x ,X Tl )} + (1 - 9(X Tl ))R Tl ] 
+l {Tl > T} e^-^ T - t ) min{l,X T /(l + l T )}] } . (3.2) 

21 



Using properties for the first arrival time (i.e., the first short-term debt maturity) T\ 
and the intensity g(Xt), and applying the Feynman-Kac formula, we derive the following 
PDE representation for the value function U (t, x) under the Cox maturity structure. 

Proposition 3.2 Suppose that Assumptions [2TJ\ \2.°A \2.3\ and [O] are satisfied. Then 
the value function U(t,x) satisfies the following semi-linear PDE Dirichlet problem on 
[0,T] x [Pl t , oo): 

^ + CU + (r s - r - g(x))U 

+g(x)[6(x) max{l, U} + (1 - 9{x))ax/{l + l t )] = 

(3.3) 

U(t,pit) = apit/(l + k) 

U(T, x) = min {1, x/(l + l T )} . 
Proof. See Appendix IA.2I ■ 

In Appendix [HI we provide a numerical algorithm to approximate the solution of the 
above PDE (|3.3|) . In the rest of this section, we show that PDE (|3.3|) implies a unique 
threshold for the representative short-term creditor, i.e., there exists a unique bank run 
barrier D^ un such that she will run on the firm whenever both the firm's asset value 
falls below such a barrier and her contract expires at some maturity T n . Thus, the bank 
run time in our model is characterized endogenously by the following first-passage-time 

T Run = inf{Tn . ^ < x * {Tn)} A Tj 

where x*(t) is the threshold we shall derive in the remainder of this section. Recall that 
Xt = Vt/St is the ratio of the firm fundamental over the short-term debt, so the bank 
run barrier £)^ Mn should be given as 

Bf un = x*(t)S t = x*(t)S e rst . 
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We derive a free-boundary problem to determine first the threshold x*(t) and sec- 
ondly the bank run barrier based on the semi- linear PDE (|3.3p . 

(i) If x > x*(t), the representative short-term creditor will keep lending her money to 
the firm because either the debt is not due yet or if the debt is due she decides to 
roll over her funding. Her value function U(t,x) > 1, and (|3.3p reduces to 

dU 

— + £U + (r s -r- g(x))U + g(x)6(x)U + g(x)(l - 0(x))ax/(l + k) = 0. (3.4) 

The third term in the above equation represents the creditor's premium of the 
return, the fourth term represents the expected effect of the rollover risk if the 
creditor rolls over her funding, and last term represents the expected effect of 
recovery risk associated with a potential bank run. 

(ii) If x < x*(t), the representative short-term creditor will run on the firm if the debt 
is due. Her value function U(t,x) < 1, and (|3.3p reduces to 

dU 

— + CU+(r s -r- g{x))U + g{x)6{x) + g(x)(l - 0(x))ax/(l + l t ) = 0. (3.5) 

While the third term and the last term in (|3.5p have the same meanings as those 
in (|3.4p . the fourth term captures the expected effect of rollover risk from the 
representative short-term creditor's own run. 

(iii) Finally, by the continuity of U(t,x), the creditor's value function U(t,x) at the 
threshold x*(t) should be equal to 1, and the following smooth-pasting condition 
should be satisfied 

U x+0 (t,x*(t)) = U x -o(t,x*(t)). 

In summary, we obtain the following two-phase free-boundary problem to determine 
the threshold (i.e., the bank run barrier) of the representative short-term creditor. 
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Proposition 3.3 Suppose that Assumptions \2. il \2.2\. [2~73[ and \3.1\ are satisfied. Then 
the bank run barrier D^ un is given by 

D* un = x*{t)S e rst , 

where x*(t) is the free-boundary of the following two-phase free-boundary problem 

^+CU + {r s -r- g{x))U + g{x)9{x)U + g(x)(l - 6(x))ax/(l + l t ) = 0, for x > x*(t), 

U(t,x) > 1, for x > x*(t), 

U(t,x) = l, for x = x*(t), 

U x (t,x) is continuous, for x = x*(t), 

^[ + CU + (r s -r- g(x))U + g(x)6(x) + g(x)(l - 6(x))ax/(l + l t ) = 0, for (3l t < x < x*(t), 

U(t,x)<l, for /3l t < x < x*(t), 

U(t,x) = aPh/(l + lt), for x = Ph, 

U(T, x) = min{l, x/{\ + It)}- 

(3.6) 

Proof. We only need to prove the smooth-pasting condition, which is straightforward 
since PDE (|3.3p admits a unique classical solution. ■ 

Similar to the case of the discrete tenor structure as in section 13.11 a bank run does 
not necessarily trigger the firm's default. Bank runs are not successful if the firm can 
raise enough funding to pay off all its creditors, i.e., if the fire-sale price of the firm's 
asset satisfies if)Vr n > St„ + L*T n ■ Therefore, we define the firm's illiquidity barrier as 

D{ u = min {D? un , (S t + Lt)/i/>} for t G [0, T), 
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and we have a similar relationship among the barriers as in the case of the discrete tensor 
structure. 

Theorem 3.4 Suppose that Assumptions \2.1\ \2.2\ \2.3[ and \3.1\ are satisfied. Then at 
any time t € [0, T), the bank run barrier is greater than or equal to the illiquidity barrier, 
while the latter is greater than or equal to the insolvency barrier 

D Ins < D Ill < D Run j or t € j Q) T y 

The above relationship gives us the following four possible scenarios at any rollover 
date T n . 

(i) Vr n < D^ 13 : Default due to insolvency; 

(ii) Dip 8 < Vt„ < Dip 1 : Bank run occurs and triggers a default due to illiquidity; 
(Hi) Dip < Vr n < '.' Bank run occurs, but not a successful run; 

(iv) Dip un < Vr n : The creditor rolls over to the next maturity T n +±. 

Proof. The proof is essentially the same as the proof for Theorem 13. 1| so we omit 
it. ■ 

Figure [2] illustrates different scenarios in our bank run model with a staggered tenor 
structure for three simulated asset value paths. Here the intensity of the Cox process is 
chosen to be g(x) = 0.4. The dotted line shows the bank run barrier, the dashed line 
the illiquidity barrier and the dashed-dotted line the insolvency barrier, all of which are 
continuous functions in this model setting. The marked times T\, T2, and T3 are the 
arrival times of the Cox process, which are smaller than the final date T = 10. At these 
times the representative short-term creditor can decide whether or not to roll over her 
funding. At the first rollover date T\ all three asset value paths are above the bank run 

25 



barrier. Hence, the creditor decides to roll over her contract. The middle grey asset value 
path falls below the insolvency barrier shortly before the second rollover date T^. Hence, 
the firm will default at that time point, and the creditor is left with the corresponding 
recovery value. At the second rollover date T2, the light grey asset value path falls below 
the bank run barrier but is still above the illiquidity barrier. This means that a bank 
run occurs at that date, but the firm is able to pay off its creditors and survives. The 
black asset value path is above the bank run barrier at T2. At the last rollover date T3 
the middle grey and the black asset value paths are below the illiquidity barrier, which 
means that a bank run occurs and the firm is not able to pay off all its creditors, such 
that the bank run actually triggers an illiquidity default and the creditor receives the 
corresponding recovery value. Note that all three paths fall below the bank run and the 
illiquidity barriers already much earlier in time. However, as these times are not rollover 
dates for the representative short-term creditor, she cannot withdraw her funding at 
those dates. 

The figure also illustrates the relation between different barriers, which has been 
theoretically proved in Theorem 13.41 the bank run barrier is always greater than or 
equal to the illiquidity barrier, which in turn is always greater than or equal to the 
insolvency barrier. 

[Insert Figure [2] here.] 
Table [3] shows the frequency of illiquidity defaults, insolvency defaults, and survival 
scenarios out of 10 000 asset value simulations in case of the staggered tenor structure 
model for different initial asset values Vo- The parameters used are the same as for 
Figure El The second row provides the number of simulations leading to an illiquidity 
default, whereas the fourth row gives the number of insolvency default simulations where 
the initial asset value varies from 10 to 22. Moreover, the table states the number of 
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simulations where the firm survives, which are distinguished between the situation where 
a bank run occurs but does not trigger an illiquidity default (3rd row) and those scenarios 
where the firm's asset value always stays above the bank run barrier (5th row). The 
results show that the number of illiquidity defaults and the total number of bank runs 
decrease in initial asset value as one would expect. Analogously, insolvency defaults 
become less likely with increasing Vo. Hence, the firm is more likely to survive with 
higher initial asset value Vo- 

Table 3: Simulations of different scenarios in the staggered tenor structure model 

Of a total number of 10 000 simulations and for different initial asset values Vo, the table provides 
the number of simulations leading to an illiquidity default (2nd row) or to an insolvency default 
(4th row) as well as the number of simulations where the firm survives, which are distinguished 
between the situation where a bank run occurred but did not trigger an illiquidity default (3rd 
row) and the scenarios where the firm's asset value always stayed above the bank run barrier 
(5th row). Parameters are the same as in Figure [5J 



Inital Assets (Vb) 

Illiquidity, Run 
and Insolvency 


10 


12 


14 


16 


18 


20 


22 


Illiquidity 


5456 


5126 


4693 


4491 


4149 


3757 


3612 


Run 


2641 


2387 


2266 


2021 


1934 


1793 


1694 


Insolvency 


298 


256 


238 


204 


176 


159 


133 


None of them 


1605 


2231 


2803 


3284 


3741 


4291 


4561 



4 Optimal Stochastic Control Formulation 

In this section we are concerned with whether the representative short-term creditor's 
decision is optimal. Intuitively, since the creditor's decision follows the DPP, her decision 
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should be optimal. The question then is, what is the corresponding optimal stochastic 
control problem? To answer this question we first investigate the case of the discrete 
tenor structure and then discuss the staggered debt structure. 



4.1 Optimal Stopping Time with Control Constraints 

Let us first consider the case of the discrete tenor structure, i.e., short-term debt 
maturities {T n } n >i are a sequence of deterministic numbers. Recall that at each rollover 
date T n , the creditor believes that there is a probability (1 — 9(Xx n )) that the firm may 
default due to a successful bank run. Let T* denote the time that the firm defaults due 
to a bank run. Hence, T* is a random time taking value in {T n } n >i. 

Let r £ {T„}„>i\T* be the time at which the representative short-term creditor 
decides to withdraw her funding and to run on the firm. This is an ./^-stopping time. 
We first consider the case \r Ins < T}, i.e., the firm fails due to insolvency before its 
project expires. If r < T* A r Ins , the creditor withdraws her funding before a successful 
bank run or an insolvency happens. In this case she will obtain the payoff 



If T* < r At , the firm fails due to a successful bank run before the creditor decides to 
withdraw her money and before an insolvency happens. Hence, the creditor will obtain 
the payoff 



Finally, if r < At, the firm defaults due to insolvency before a successful bank run 
takes place and before the creditor decides to withdraw her funding. Then, the creditor 
will obtain the payoff 



1 {r<T»AT'™»} e 



L {T*<Tf\T Ina } e 




l{r 7ns <r»Ar} e 




ns 
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On the other hand, on the event \j Ins > T}, i.e., no insolvency happens before the 
project ends, the creditor will obtain the payoff 

l{r<T,AT } e rST + l { U< T AT}e rSn R Tf + 1{T<T, Ar}^ min{l, X T /(l + h)}. 

Table S] summarizes the aggregate payoff of the representative creditor. 

Table 4: Representative creditor's aggregate payoff 

Insolvency time T Ins Decision time r Payoff 

r Ins <T t < T* A r Ins e rsT ■ 1 

T» <tA r Ins e rsT * ■ R T , 

r Ins < T* A r e rsT ' ns ■ R T , ns 

r Ins > T t <T* A r Ins e rsT ■ 1 

% <tAT e rsT * ■ R T , 
T<T*At e rsT ■mm{l,X T /(l + h)} 

For any < t < t < T, we define the aggregate discounted payoff from time t to t 



A 1 , ~, p (r S -r)(r-t) , -i (r s -r)(T,-t) p , -i . ~(rs-r)(i-t) p. 

"^M — - L {t<T<T,At} e ^ - L {i<T,<rAt} e ^ " L {t<t<T* Ar} e 

The creditor will choose an optimal J-t-stopping time to maximize her expected payoff 

sup Eg j l{ r /n S<T } • Ao >T zns + l{ r / ras > T } • Aq,t> • (4.1) 

7-e{T n } n >i\T» 

We have the following theorem that shows the creditor's value function U(t, x) defined 
by the dynamic programming equations (|2.4p and ()2.5[) is indeed optimal. 



'Recall that R T = min{l, X T /(1 + l T )} as defined in (pOl) . 



29 



Theorem 4.1 The value of the optimal stopping time problem \4-.l\ j is given by the value 
function U(0, x) in the dynamic programming equation h2. 5|) . The optimal stopping time 
is given by the earliest maturity date at which the firm fundamental falls below the bank 
run barrier determined in section HO], i.e., 

T Run = inf | Tn . < D Run^ n = 0, 1, . . . , N} A T. 

Proof. See Appendix IA.31 ■ 

Next we consider the case of the staggered tenor structure, i.e., the maturities 
{T n }n>i are the arrival times of a Cox process with intensity g(Xt). Similar to the 
discrete tenor structure, we define T* as the default time due to a successful bank run. 
Since T* is chosen among the Cox arrival times {T n } n >i with probability (1 — 9(Xt„)), 
it is well known that T* is the first arrival time of another Cox process with intensity 
g(Xt)(l — 9{Xt)). Let r £ {T n } n >i \T* again denote the rollover date at which the rep- 
resentative short-term creditor decides to withdraw her funding and to run on the firm. 
This is a Gt = J^t V %f-stopping time under the staggered tenor structure, i.e., r must 
be chosen from the arrival times of the Cox process. 

The representative short-term creditor will choose an optimal tyt-stopping time to 
maximize her expected payoff 

SUP Eg | l{ T /n S<T } • A 0)T Ins + l{ T /ns> T } ■ A),T | • (4.2) 

TG{T n } n >!\T» 

In contrast to the previous section on the discrete tenor structure, the optimal stopping 
time problem (|4.2p can now only be stopped at the Cox random times {T n } n >i\T*. 
Hence, knowing only the Brownian filtration {J-t} is certainly not enough to decide 
when to stop; one has to know the additional filtration ~Ht from the Cox process in order 
to determine when to stop. Similar to the case of the discrete tenor structure, we can 
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show that the solution to this optimal stopping time problem is given by the dynamic 
programming equation (|3.2|) . 

Theorem 4.2 The value of the optimal stopping time problem \4-°Al ^ s given by the value 
function U(0, x) in the dynamic programming equation L3.2\) . The optimal stopping time 
is given by the earliest maturity date such that the firm fundamental falling below the 
bank run barrier in Proposition 13.31 

T Run = inf | Tn . < pRuny A T 

Proof. See Appendix I A.4I ■ 

4.2 Comparison of the Discrete and the Staggered Tenor Structures 

This section compares different debt tenor structures, i.e., the discrete and the stag- 
gered tenor structures. A natural question to ask is, what will happen with the discrete 
tenor structure when the number of rollover dates increases to infinity, meaning that 
creditors can decide to roll over or to withdraw their funding at any time t € [0, T]? 
Intuitively, one would expect that with increasing rollover frequency, one should ap- 
proximate the staggered tenor structure model. However, there is another important 
difference between the two debt tenor structures. In the case of the discrete tenor struc- 
ture we implicitly assume that all creditors have the same rollover dates, whereas in the 
staggered tenor structure model at each rollover date, corresponding to a Cox arrival 
time, only a fraction of total debt is due. Different short-term creditors hence have 
different rollover dates in that situation. 

In the following, we will first study the impact of the intensity At = g(Xt) of the Cox 
process on the creditor's value function. We assume the function g(Xt) to be constant 
and thus independent of the ratio process Xt- The intensity of the Cox process not 
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only specifies the creditor's rollover dates but also affects the average duration of short- 
term debt. For g(Xt) = g € M + the average duration of debt is equal to 1/g, and in an 
infinitesimal time interval [t, t+dt] a fraction gdt of debt is maturing. The larger g that is 
chosen, the more debt is maturing at the same rollover date and the larger is the rollover 
frequency of short-term debt. Therefore, for large enough g the staggered tenor structure 
model and the discrete tenor structure model should result in approximately the same 
value function U(t,x) for the short-term debt. This result is empirically validated in 
Figure [3j The number of rollover dates in the discrete tenor structure model is fixed at 
N = 1000, and the intensity of the Cox process in the staggered tenor structure model 
varies from g = 0.2 to g = 200. 

[Insert Figure [3] here.] 
In section 13.11 we derived the bank run barrier for the discrete tenor structure by 
determining the threshold ratio x* such that U(t,x*(t)) = 1, i.e., the creditor is in- 
different on whether to roll over or to withdraw her funding. Similarly in Proposition 
13.31 we derived the bank run barrier for the staggered tenor structure by solving the 
free-boundary problem (j3.6|) . Next, we will investigate in Figure H] the impact of the 
Cox intensity g and the rollover frequency N on the bank run barrier. The graphs show 
that the discrete tenor structure model with high rollover frequency N approximates the 
staggered tenor structure model with large intensity g{x). 

[Insert Figure H] here.] 

5 The Survival Probability of Bank Runs 

In our benchmark model, the survival probability of bank runs 0(Xt„ ) = min{ 1 , ^Xt„ } 
at each maturity date T n is given exogenously based on the assumption that each short- 
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term creditor believes that the proportion of short-term creditors not rolling over their 



funding is uniformly distri 
in the bank run models of 



juted on the inte r val [0 , 11- This is also t 



Morris and Shinl (|20ld ) and 



r e cruc ial assumption 



Liang et al 



(12012h . The merit of 



this assumption is that the system is then an open loop. 

Recall that in this open loop system, the bank run barrier is given by D^ n = x^ n ST n , 
where is determined by letting the value function U(T n ,x^J in Proposition 12.11 be 
equal to 1. The illiquidity barrier is then given by Z?™ = min{Z)y" n , (St u + LT n )/ip}- 
Both of the barriers depend on the survival probability of bank runs 6(Xt u ) but not vice 
versa. Algorithm 15.11 illustrates how the bank run barrier and the illiquidity barrier are 
determined in this bank run model. 



Algorithm 5.1: Computation of bank run and illiquidity barrier. 
Inputs: fire-sale rate tp, safety covenant parameter /3, bankruptcy cost parameter a, 

short-term rate rs, long-term rate r^, expected return rate ry, firm volatility cr, 

and market interest rate r 

for n = N, . . . , 1 do 

1) Set survival probability of bank runs equal to 6(XT n ) = min{l, ipXT n }- 

2) Calculate value function U(T n ,X T J by PDEs ([H]) and 

3) Determine bank run barrier Djt un = x^St^ by condition U(T n , x^) = 1. 

4) Compute illiquidity barrier D% as = min{D^", (S Tn + L Tn )/ip}. 

The likelihood 9(Xt„), which the representative creditor assigns to the firm's survival 
probability of bank runs, is determined solely from the current ratio of asset value over 
short-term debt Xt„- Since the representative creditor determines at each rollover date 
a threshold value at which she decides to withdraw her money, it seems natural to 
investigate whether there is a feedback effect from this illiquidity barrier on the survival 
probability 9 of bank runs. In the following we discuss how the representative short- 
term creditor can update her beliefs about the survival probability of bank runs 6{XT n ) 
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based on the derived illiquidity barrier at each rollover date, i.e., we investigate the 
feedback effect between the survival probability of bank runs and both the bank run 
barrier and the illiquidity barrier. The system then becomes a closed loop and allows to 
endogenously determine the time r m = T* of a successful bank run. 

We only discuss the discrete tenor structure; the staggered tenor structure can be 
analyzed in the same spirit, but it involves additional technical difficulties. We drop the 
uniform distribution assumption on the proportion of short-term creditors not rolling 
over their debt, and assume that the survival probability of bank runs is a function of 
time t and ratio Xt, i.e., #(•, •) : [0, T] x (0, oo) —¥ [0, 1], which is to be determined. The 
corresponding illiquidity barrier and the bank run barrier are denoted by -D™ and D^ n , 
respectively. 

We again proceed backwards to determine the survival probability of bank runs. 
First, we define the ratio of the illiquidity barrier over the short-term debt as 



where x* T = D£ n /S Tn . Since there is no rollover risk in the last time period [T/v , T) , 
the ratio of the illiquidity barrier over short-term debt at the last rollover date T/v is 
independent of the survival probability of bank runs, and should be the same as the one 
in the open loop system 



where x^ is calculated as the solution of PDE (j2.7|) . The survival probability of bank 
runs at time T/v is then given by 



x™ = DfjS Tn = min{^„, (1 + Z T J/V>}, for n = 0, 1, . . . 



N. 



W N =niin{x^,(l + ZrJM 



,(1 + h N )/fp}, 
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Based on the above updated survival probability of bank runs, we calculate the ratio of 
the illiquidity barrier over short-term debt at the last but one rollover date T/y-i as 

where Xrp IS calculated as the solution of PDE (|2.6p but with the updated survival 
probability of bank runs 9(Tn,x) in the terminal condition. The survival probability of 
bank runs at the last but one rollover date T/v-i is then given by 

9(T N _ 1 ,x) = W Tn _ ± |l {XTjv i > 4 «_ i} } = hxr^-^y 

In general, the survival probability of bank runs and the illiquidity barrier are computed 
backwards recursively for n = 0, 1, . . . , N — 1, according to the following procedure. 

(i) Compute the ratio of the illiquidity barrier over short-term debt 

x™=min{^ n ,(l+/ T JM, 

where x\ is calculated as the solution of PDE (|2.6p with the survival probability 
of bank runs 0(T n +i,x) at time T n+ \. 

(ii) Compute the survival probability of bank runs as 

9(T n ,x) = li x >%niy 

Algorithm 15.21 demonstrates the mechanism of our bank run model incorporating the 
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feedback effect on the creditor's beliefs about the survival probability of bank runs. 
Algorithm 5.2: Computation of endogenous illiquidity barrier. 
Inputs: fire-sale rate tp, safety covenant parameter /3, bankruptcy cost parameter a, 

short-term rate rs, long-term rate tl, expected return rate ry, firm volatility <r, 

and market interest rate r 

Calculate value function U(T N ,x) by PDE (pTT|) . 

Determine illiquidity barrier xif = min{xj . , (1 + Itn)/"^} where U(Tn,x^ n ) = 1. 
Compute survival probability of bank runs 6(Tn,x) = li x>s m i. 

for n = N - 1, ...,1 do 

1) Calculate value function U(T n ,x) by PDE (HHJ) with 9(T n+1 ,x). 

2) Determine illiquidity barrier x^ 1 — min{x^ , (1 + ^T„)/Vd where U(T n ,x^ ) = 1 

3) Compute survival probability of bank runs 



0(T n 



x ) = l{x>2™}- 



6 Discussion and Conclusion 



In this paper, we provide a rigorous formulation for a class of structural credit risk 
models that take into account not only insolvency risk but also illiquidity risk due to 
possible bank runs. We show that there exists a unique threshold strategy, i.e., a bank 
run barrier for short-term creditors to decide when to withdraw their funding. This 
allows us to decompose the total credit risk into an illiquidity component based on 
the endogenous bank run barrier and an insolvency component based on the exogenous 
insolvency barrier. Our approach is based on the DDP and represents a dynamic bank 
run model that incorporates both discrete and staggered tenor structures for short- 
term debt. I n this aspect, our pap er is closely related to the existing dynamic bank 



run models of 



He anc 



Cheng and Milbradtl ( 



Xiongl (|2012bl h 



Morris and Shinl (I201ol h 



Liang et al 



(|2012f l. and 



2012 ) . The main characteristics of these models are summarized 
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in Table [5] and are further discussed in the following. 



Table 5: Comparisons of dynamic bank run models 





He&Xiong 


Morris&Shin biang et al 


Cheng&Milbradt 


Current paper 


Time horizon 


infinite 


two periods 


finite 


infinite 


finite 


Tenor structure 


Poisson 


No 


discrete 


Poisson 


discrete/Cox 


Decision makers 


creditors 


creditors 


creditors 


creditors/equity holders 


creditors/equity holders 


Dynamics 


DPP 


No 


DPP 


DPP 


DPP/optimal stopping time 


Beliefs 


endogenous 


exogenous 


exogenous 


endogenous 


exogenous / endogenous 


Equilibrium 


general 


partial 


partial 


general 


partial/general 



In dynamic bank run models, one cruci al as sumption is the maturity s tructure of 



short-term debt. Both 



He and Xiond (|2012bl ) and 



Cheng and Milbradtl ((2MJ) utilize the 



Poisson ran d om m aturity assumption to capture the staggered tenor structure, whereas 



Liang et al 



two-period model of 



(|2012j) a ssume a sequenc e of d eterministic rollover dates generalizing the 



Morris and Shinl (|2010l ). In this paper, we consider both discrete 



and staggered tenor structures. Moreover, we show that the two tenor structures con- 
verge to each other when the rollover frequency goes to infinity. 



The default mechanism in dynamic bank run models is main ly tri ggered by cr e ditor s 



runs as shown in 



He and Xionsj (I2012bh 



(2010 


), and 


Liang et al. 


(2012) 



This is different from traditional structural credit risk models where the default mech- 



anism is usually triggered by equity holders as they either exog enously set a default 

J. 



barrier or endogenously determine an optimal default barriei] 



Cheng and Milbradt 



Structur al credit risk models w i th an exogenous default barrie r are also dubbed first-passage-tim e 



models as in 



Black and Cox! (jl979 ) 



Longstaff and Schwartz! (| 1995T I . and 



Brivs and de Varennd (|l997l i. 



among others. If the default barrier is determined endogenously by equity holders, the models are 
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020121 ) consider decision problems of both creditors and equity holders in the dynamic 
bank run setting. In this paper, we consider that the equity holders exogenously set the 
insolvency barrier, while the creditors endogenously determine the bank run barrier and 
the illiquidity barrier. Most of dynamic bank run models are based on the DPP. In this 
paper, we further prove that the DPP is in fact derived from an optimal stopping time 
problem with control constraints. 



Last but not least, the representative creditor's belie fs about other cr e ditors ' be- 
havior also charac terizes a dynamic bank run model. In 



Liang et al 



Morris and Shinl (|2010l ) and 



(|2012l ) such beliefs are modeled exogenously and therefore lead to a partial 
equilibrium. In this paper, besides such exogenous beliefs, we also consider the feedback 
effect of the bank run barrier on the representative creditor's beliefs about other credi- 
tors' behavior . In this aspec t , our m odel represents a general e quilib rium model in the 



same spirit as 



He and Xiond (|2012bJ) and 



Cheng and Milbradtl (|2012h 



Appendix 



A Proofs 



A.l Proof of Proposition \*Z7Z\ 



The proof is essentially the same as Lemma 3.2 and 3.3 in lLiang and Jiang! (|2012l ). 
so we only sketch it. 

First, note that under the new coordinate x = x/(f3lt), the PDEs (|2.6 ) and (j2.7|) 



also referred as optim al capital structure models, which were initiated by iLelandl (| 1994 



Leland and Toftl l|l996f ) 



1998) and 
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become C v W n = on a regular domain [T n ,T n+ i] x [l,oo). The Green's function 
G(t, x; T n+ i, £) for the operator C" on [T n , T n+ \\ x [1, oo) is the solution to the following 
PDE problem 



C v G(t,x;T n+1 ,O = 
G|s=i = 

&\t=T n+1 =6(x-0. 
By making the transformation y = log(a;/£), r = T n+ \ — t, and 



(A.l) 



(T,y;T n+ i,£) 



exp 



2\ 2 ' 



T ~ -^2 ( r V ~ rL ~ y ) 



it is easy to verify that H(r, y; T n +±, £) satisfies a heat equation on the half plane. Its 
solution can be easily obtained by the standard image method. 

Next, given the Green's function G(r, y; T n+ i, £), we derive the solution to C"W n = 
on the domain [T n ,T n+ i] x [l,oo) with the boundary and terminal data P n and Q n by 
applying integration by parts. Consider the adjoint problem of (jA.lj) on [t, T n+ i] x [1, oo) 

£ v G(ri,€;t,x) = 

= i = (A.2) 
\ v =t = 8(£ - x), 

where C v is the adjoint operator of C" 

Since W n (r], £) satisfies C"W n = and G(r],^; t, x) satisfies the adjoint equation £ v G(r],^;t, x) 
0, applying integration by parts to the integral 

d£ / [G(i h t;t,x)£ v W n (ri,0 - W n (rj, £)£ v G(r), £; t, x)]drj, 

Jt+e 
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and using the boundary and terminal data P n and Q n for W n (r], £) will give us the 
Green's representation formula (|2.8p . 



A. 2 Proof of Proposition 13.21 



dc 



m 



We have the following properties for the first arrival time (i.e., the first short-term 
at maturity) Xi and the intens ity g(Xt), the proof of which can be found for example 



Bielecki and Rutkowskil (|200j). 



Lemma A.l The process F defined by Ft = L g{X s )ds for t > is an Tt-hazard process 
associated with T\, that is, 

F t = -\ogQ(Tx > t\JF t ) = -logQ(Ti > t]^). 

Moreover, for any Tt-adapted process Yt and J-f-stopping time t, on the event \T\ > t}, 

E[l {Tl > T} Y T |J- t ] = E \Y T e~ K ^ ds \F t ] ■ (A.3) 

E[l {f<ri<T} y Tl |7- t ] =E J\ s e~f t 3 ^ du g(X s )ds\T t ■ (A.4) 

In the following, we employ the distribution of T\ given by Lemma IA.1I to calculate 
(|3.2p . For the first and the third terms, by using ()A.4j) . we obtain 

Ef {l {t<Tl<rInSAT} e^-r)(T^t) [e^msxilMTuXT,)} + (1 - 9(X Tl ))R Tl }} 



Ef 



8 AT 



e ft( r s-r-g(X u ))du g ( X ^ 
9(X S ) max{l, U(s, X s )} + (1 - 0(X s ))aX s /(l + l s )) ds} . 



For the second term, based on ()A.3p . we obtain 



•t 1 L {T 



Jr s -r){r Ins -t) t-> \ 



( Ins ^ 

Ef I l {t < T i ns<T} eSt (rs - r - 9(x ^ du al3l T i n s/{\ + l T m s ) \ . 
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For the last term, by employing ()A.3|) again, we obtain 

E( {l {Tl > TiT ^> T} e^-)(^) min {l,X T /(l + l T )}} 
= W t [l {Tln s> T} e^^ rs - r - 9 ^ du mm{l,X T /(l + Z T )}} . 

By combing the above three equalities, we finally derive 

{r-T Ins AT 
J e$t {rs - r - 9{x ^ du g{X s ) 

x [6{X S ) max{l, U(s, X s )} + (1 - 0(X s ))aX s /(l + l s )} ds. 

T Ins 

+ l {t < r i M<T} e-/i ( rs - r - 9 ^)) dM Q/3^„ s /(l + Z r z„ s ) 

+ l {T i, ls > T} e^( rs - r -f(- Y "» du min{l,X T /(l + Z T )}} . 

Then similar to Proposition 12.11 the Feynman-Kac formula gives us the PDE repre- 
sentation for the value function U (t, x) under the Cox maturity structure as provided in 
Proposition 13.21 



A. 3 Proof of Theorem 14.11 

For n = 0, 1, . . . , N, we consider a sequence of optimal stopping time problems 
V(T n ,x) = sup Ef. \ l{T„< T ^<n ■ A T T i ns + l; T j» s >n • A Tn ,T \ , 

re{T n+1 ,T n+2 ,...}\T, >• " J 

where r is an J-^-stopping time taking value in {T n+ i,T n+ 2, . . .}\T*. Then the value of 
the optimal stopping time problem (|4.ip is given by V(0,x), and we want to show that 
V(0,x) = U(0,x). 

Obviously we have V(Tpf,x) = U(Tn,x), since there is no optimization problem 
involved in V(Tn,x) which is 

V(T N ,x) = W Tn [l {TN ^ Tlns<T} e^-r){r^-T N ) RTins + l^^gCrs-r)^-^)^} . 
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The idea is to introduce a sequence of auxiliary optimal stopping time problems whose 
optimal stopping times are also permitted to stop at the initial time T n . 



V(T n ,x) 



sup 

re{T n ,T n+ i,...}\T, 



We have the following relationship between V and V 

V{T n ,x) = 9(x)max{l,V(T n ,x)} + (l-9(x))R Tn , for n = 0, 1, . . . ,N. (A.5) 

For n = 0, 1, . . . , TV — 1, by taking conditional expectation on J~T n+1 in V(T n ,x), we 
obtain 



V(T n ,x) = supEf, { 



E 



=1 



SUpE| n |E (l{ Tn <r^<T n+1 } + 1 {r^>T n+1 }) X I\^T n+1 } 
™PE|, l {l { T„<.-<T n+l} ^ (rS - r)(r/ ' lS " T ' l) ^- 

T k 

+ l {T Ins> Tn + l} ^ rS - r ^ + 1 ~ T ^E [l {Tn+1 < T I™ <T} ■ A Tn + UT Ins + l {r /n S > r} ■ A Tn+1 ,T |^T„ +1 

supE^ {l {Tn < TJ -.<T^ 1 }e (rs - r)(T/M - T - ) i^». 

1 {7 , „+i<r- f " s <r} • *4t„+i,t / ' is + l{r 7 " s >r} ' Ar n+1 ,T 



i 1 rr ^ (r s -r)(r n+1 -r n ) F x T n+1 

+ J-{r'"s>T„ + i} e ^T n+1 



where we used the Markovian property for X in the last equality. Note that the first 
term in the bracket does not involve the stopping time r, so the supremum over r only 
takes action on the second term and V(T n ,x) is equal to 

5, /l™ r „ , P (rs-r)(T Ins -T n ) N (r s -r)(T n+1 -T n ) 



Ex 
T 



X 



sup 



E 



X T n +l 



r6{T n+1 ,T n+ 2,— }\T. 

which, according to the definition of V, is 



l{T n+ l<T Ins <T} ' A Tn+UT Ins + l{ r /ns> T } ' At„ +1 ,T 



e t„ {i {Tn <r^ <Tn+l} e^-^ Ina ~ T ^R Tlns + i {r ^> T7i+l} e^-)(^-^)y(r n+1 ,x Tra+1 )} . 
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By the relationship (|A.5p . we obtain the recursive formulation for V(T n ,x): 



V(T n ,x) = W Tn [l 



{T n < T i™<T n+1 } e 



(r S -r)(r Ins -T n ) 



'T 



■Ins 



+ l {T ^> Tn+l} e^-0(T„ +1 -t) [e(X Tn+1 )max{l,V(T n+1 ,X Tn+1 )} + (1 - 9(X Tn+1 ))R Tn+1 ] } . 



This is just the dynamic programming equation for U(t,x) in ()2.5|) . Since we already 
proved V(Tn,x) = U(Tn,x), by proceeding backwards we obtain V(0,x) = U(0,x). 

A. 4 Proof of Theorem 14.21 

The proof is essentially the same as the proof for Theorem 14,11 For any t > 0, by 
letting X start from Xt = x and {T n } n >Q start from To = t, we consider a family of 
optimal stopping problems 



V(t, X) = SUP Ef | l{ t < r /ns<T} ' At^Ina + l{ r Jn s > T } ■ A t ,T | , 

i"e{T„} n >i\T, 

where r is a ^j-stopping time taking value in {T n } n >i\T^. Therefore, r is not allowed 
to stop at the starting time t. The value of the optimal stopping time problem fj4.2|) is 
given by V(0,x), and we want to prove that V(0, x) = U(0,x). 

Similarly to the case of the discrete tenor structure, we introduce a family of auxiliary 
optimal stopping time problems where the optimal stopping times are also allowed to 
stop at the starting time t 




sup 

T"G{T n } n > \T, 




We have the following relationship between V and V 



V(t,x) = 0(x)max{l,V(t,x)} + (1 - 9(x))R t for t G [0,T). 



(A.6) 
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Taking expectations conditional on Tt y in V(t, x) and using the strong Markov property 
for X, we obtain for any t £ [0, T) 



V(t,x) — SUpE^ <^ E (l{ t<Tl<T i nS } + l{Ti>T- r " s }) 1 {t<T I » s <T} • ^t,r Ina 

+ (!{t<Ti<T} + 1{Ti>T})1{t'™s>T} • A.rl-^Ti } 
= SUpEf <^ E l{t< T /™ s<T }l/ t<Tl<r /n s }^4 tiT / Ili .|J r T 1 + l{t<r'"s<T}l{T 1 >-r J " s } e 



,(r s -r)( T 



+ E 



+ l {r ,„ s > T} l {ri > T} e^-^( T -')i? T } 

SU P E ? 1 1 {t<T 1 <r- r '"AT} e(rS ~ r)(Tl ~* )E 1 {Ti<-j j ™ s <T}Azi,t / ' is + V w > T }^ I, i' T ^ Tl 
T k L 

i -, -, „(rs-?')(T- rns -t) d , -i -i „(rs-r)(T-t) n \ 

+ l {t < T /n S<T }l {Tl > T /n a} e V & 'it r I» + l{ T /n S > T }l{ Tl > T }e^ ) 



supE 



t {l{f<Tl<T 



/na AT} e 



( rs _ r )( Tl -t) E ^T : 



■*-{ri<r / " s <r}^Ti,T /ns + l{r /ns >T}-^Ti,T 



+ l {t ^ Tlns<T} l {Ti ^ s} e^- r ^ Ins ^R rIns + l {r ,„ s > T} l {Tl > T} e^- r )( T -*)i? T } , 



which by the definition of V is equal to 



E ? |l{t<Ti<T Jns AT} 



e^ s - r ^ Tx -^V{T u X Tl ) 



_l_ 1 1 c (r-S-r-)(T 7 " S -t) O II 1 

T" - L {t<r /?ls <T}-'-{Ti>T /ns } e tt T ins + l| T /ns>7i|l 



{T rn *>T} x {Ti>T} 



3 (r S -r)(T-t) 



The result then follows from the relationship (|A.6jl . 



B Numerical approximation of the solution to PDE (13.31) 



We first transform PDE (|3.3() by defining y = log(x//3/ t ), r = T — t and u(r,y) 
U(t,x). Then PDE <^> reduces to 



du 1 id 2 u , 1 o x du 

dr = 2 a gV + ^ rv ~ TL ~ 2 a 'dy + ^ s ~ r ~ C)^ + maxjl, u} + k, 
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where 

C(r,y)=g(x); tj(t, y) = g{x)9{x); n(r,y) = g(x)(l - 0(x))ax/(l + l t ), 
with boundary and initial conditions 

U(T,0) = aPh-r/O- + l T-r) = P(t) = P] 

u(0, y) = min{l, e y (3l T /(l + l T )} = $(y) = 

In the following, we derive the implicit finite difference equation for PDE (1B.1|) . 
Let At denote the step size between two updates of the value function u in the time 
dimension. Similarly, Ay denotes the step size between grid points in the space dimension 
of the value function u. The relevant range of two variables is taken to be 

(r,y) G [0,T] x [0,y], 

where y is a large constant such that realization of y outside the region [0, y] occurs with 
negligible probability. At each grid point, we define 

u] = u(nAr,jAy); 

and the implicit finite difference equation for (ji?.ip is 

At =2 a A? + (rv-r L --a ) 2Ay 

+ {r s -r- g +l )u] +1 + r,] +1 max{l, u] +1 } + , (B.2) 

where 

C™ = G(nAr, j Ay)- rf] = i](nAT,jAy); k] = F(nArJAy) 

for < n < T j At and < j < y/Ay. The corresponding boundary and initial 
conditions are 

u = P; Uy /Ay = 0; u° = 
45 



where P and <E>, with abuse of notation, denote the vectors containing the discrete values 
of the boundary and initial conditions, respectively. 

The implicit finite difference equation (jB.2[) can be rewritten as the following non- 
linear algebraic equation: 



Au 



n+l f„n+l 



« +i ,max{l,n n+1 }) = K n 



(B.3) 



where = u n + K n — [cP, 0, 0, . . . , 0]*, and A is a tridiagonal matrix: 

At 



with 



A 



ai 


b 


... 





c 


a 2 


b "-. 








c 


a 3 b 





















c 


a y/Ay-l 


- + 

T 


a 2 
Ay 2 


- (rs ~ 


r - cr 1 ) 



b = -l£&-2Zj ( r v - rL -k a2) > 

Finally, for n = 0,1,... , T/Ar, we use the standard Newton method to solve the 
nonlinear algebraic equation (jB.3[) as follows. 

• Set v 1 = u n \ 



For m = 1,2, . . ., solve v m+l recursively by the corresponding linear equation for 

(H3D 

Av m - fa n+1 ,max{l,u m }) - R n + B^ +1 (^ m+1 - u m ) = 
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until sup \v m+1 — v m \ < e, where 



B 



n+l 



A — r\ 



n+l 



1 {v™>1} 







L W>i} 






... 

... 

■■. 

1 









K/Ay-l>l} J 



• Suppose the above loop runs M times. Then set u 



n+l _ „Af 
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Time t 

Figure 1: Scenario simulation with discrete tenor structure 

The figure shows three simulated asset value paths in the model with a discrete tenor structure, 
where volatility a = 0.4, expected return rate ry = —0.02, market interest rate r = 0.01, short- 
term rate r$ = 0.03, and long-term rate = 0.05. The initial values of short- and long-term 
debt are set to So = 2 and Lq = 2, respectively. The safety covenant parameter (3 = 0.4, the 
bankruptcy cost parameter a = 0.6, and the fire-sale rate is set to ip = 0.6. In this discrete tenor 
structure setting the number of rollover dates is set to N = 4. The dotted line describes the 
bank run barrier, the dashed line the illiquidity barrier, and the dashed-dotted line the insolvency 
barrier. 
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Figure 2: Scenario simulation with a staggered tenor structure 

The figure shows three simulated asset value paths in the model with a staggered tenor structure 
where volatility a = 0.4, expected return rate ry — —0.02, market interest rate r — 0.01, short- 
term rate rg = 0.03, and long-term rate ?*l = 0.05. The initial values of short- and long-term 
debt are set to So — 2 and Lo = 2, respectively. The safety covenant parameter j3 = 0.4, the 
bankruptcy cost parameter a = 0.6, and the fire-sale rate is set to ip = 0.6. In this staggered 
tenor structure setting the intensity of the Cox process is chosen to be g{X t ) = 0.4. The dotted 
line describes the bank run barrier, the dashed line the illiquidity barrier, and the dashed-dottcd 
line the insolvency barrier. 
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Figure 3: Influence of the intensity on creditor's value function 

The figure shows the representative creditor's value function at time t = for increasing initial 
asset value Vb in the discrete tenor structure model with N = 1000 rollover dates and for the 
staggered tenor structure model for different intensities g of the Cox process. Other parameters 
are the same as in Figure [2l 
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Figure 4: Comparison between the discrete and the staggered tenor structure models 

The figure shows the bank run barrier depending on time t for different rollover frequencies N 
in the discrete tenor structure model and for different intensities g(x) of the Cox process in the 
staggered tenor structure model. Other parameters are the same as in Figure [2j 
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